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Navigation and Control of Unconventional VTOL

UAVs in Forward-Flight with Explicit Wind

Velocity Estimation

Mitchell Cohen1 and James Richard Forbes2

Abstract—This paper presents a solution for the state estimation
and control problems for a class of unconventional vertical takeoff
and landing (VTOL) UAVs operating in forward-flight conditions.
A tightly-coupled state estimation approach is used to estimate
the aircraft navigation states, sensor biases, and the wind velocity.
State estimation is done within a matrix Lie group framework
using the Invariant Extended Kalman Filter (IEKF), which offers
several advantages compared to standard multiplicative EKFs
traditionally used in aerospace and robotics problems. An SO(3)-
based attitude controller is employed, leading to a single attitude
control law without a separate sideslip control loop. A control
allocator is used to determine how to use multiple, possibly
redundant, actuators to produce the desired control moments.
The wind velocity estimates are used in the attitude controller
and the control allocator to improve performance. A numerical
example is considered using a sample VTOL tailsitter-type UAV
with four control surfaces. Monte-Carlo simulations demonstrate
robustness of the proposed control and estimation scheme to
various initial conditions, noise levels, and flight trajectories.

Index Terms—Autonomous Vehicle Navigation, Sensor Fusion

I. INTRODUCTION

UNMANED aerial vehicles (UAVs) are increasingly used

for data collection, surveillance, delivery, and search

and rescue missions. Vertical takeoff and landing (VTOL)

UAVs leverage both vertical takeoff and efficient long-distance

flight capabilities to realize a more versatile flight platform.

Recently, the use of VTOL UAVs has been explored by

Uber, Amazon, Google, FedEx, and others [1]. Popular VTOL

UAV configurations include tilt-rotors, tilt-wings, and tailsit-

ters [2]. This paper considers control and state estimation

of a tailsitter-type VTOL UAV operating in forward-flight

conditions. A typical tailsitter initially ascends vertically in

a similar way a multicopter would, before transitioning to a

forward-flight configuration in order to fly like a traditional

fixed-wing aircraft. VTOL UAVs may have additional lifting

and control surfaces in unconventional configurations that are

used during forward flight. These additional surfaces can be

used to reconfigure the vehicle during flight [3]. Alternatively,
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additional control surfaces realize a flight platform that is

overactuated and thus robust to one or even multiple actuator

failures [3]. It then becomes necessary to determine how to

correctly allocate the control moments to actuators in order

to control the UAV in forward-flight. This is known as the

control allocation problem, and several solutions are discussed

in [4]. In some cases, the additional unconventional control

surfaces exert moments about multiple axes. Moreover, the

moments generated are often highly dependant on the aircraft

states and the wind velocity. As such, obtaining an estimate

of the aircraft states, as well as the wind velocity, is important

if reliable performance is to be realized.

Several approaches exist for estimating the wind velocity dur-

ing flight. For example, model-based approaches are explored

in [5] and [6], while a loosely-coupled approach is presented

in [7]. In this paper, a tightly-coupled approach is employed

where the wind velocity and navigation states are estimated

using a single estimator. In [8], it was concluded that airspeed

measuremetns improve the overall navigation solution through

the correlation of the wind estimate and the velocity and

attitude estimates. This paper builds on the work of [8], where

an EKF is considered, by deriving an “Imperfect” Invariant

Extended Kalman Filter (“Imperfect” IEKF) [9]. The IEKF is

a variant of the EKF that uses a very specific error definition

motivated by the measurement model and matrix Lie group

structure of the state-estimation problem [10], [11]. Moreover,

as discussed in [10] and [11], when certain conditions are met,

the IEKF can be interpreted as an observer with attractive

asymptotic stability properties. The “Imperfect” IEKF derived

in this paper provides an estimate of the navigation states,

sensor biases, and the wind velocity. Due to the inclusion

of sensor biases, and the specific form of the sensors, the

state estimation problem considered herein does not satisfy the

criterion of the IEKF. Namely, the group affine properties of

the process model are not preserved in the presence of sensor

biases, and a mix of left-, right-, and neither left-nor right-

invariant sensors are used. Thus, the resultant state estimator

is an “Imperfect” IEKF, but still retains some of the attractive

properties of the IEKF [12]. The state estimates generated are

used in both the attitude control and control allocation loops.

This paper explores the navigation and control of VTOL UAVs

operating in forward-flight with multiple control surfaces and

unconventional geometry. The contributions of this paper are,

first, the adaptation of the geometric SO(3)-based attitude

controllers commonly used for multicopters (in [13] and [14],
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for example) for use with forward-flight aircraft in such a way

that no explicit sideslip controller is needed to ensure balanced

flight. The proposed controller uses the coordinated turn equa-

tion for forward-flight aircraft to ensure balanced flight, similar

to [15], but additionally uses the estimated airspeed within the

controller. The second contribution of this paper is the use of

an invariant filtering framework for the estimation of both the

navigation states and wind velocity. The combination of these

two contributions is shown to lead to reliable performance for

both navigation and control of unconventional VTOL UAVs

operating in forward-flight conditions. Moreover, both the

navigation and control strategies proposed herein can be used

in the design of UAVs to ensure that new configurations can

realize robust and reliable flight in the presence of wind.

The remainder of the paper is structured as follows. Section II

presents the UAV equations of motion and Section III de-

scribes a model for their aerodynamics. Section IV describes

the overall control and estimation strategy. Section V presents

a state estimation filter in the invariant framework. Sections

VI, VII present a solution for the control allocation and attitude

control problem, respectively. Finally, Section VIII presents a

numerical example with simulation results, while Section IX

provides concluding remarks.

II. EQUATIONS OF MOTION

A standard North-East-Down convention is used to define

the basis vectors of Fa, an inertial frame [16]. An unforced

particle in Fa is denoted w [17]. The frame that rotates with

the aircraft body is denoted Fb, and Cba ∈ SO(3) is the

direction cosine matrix (DCM) that relates the attitude of Fb

to the attitude of Fa. The transpose of Cba is denoted Cab,

where Cba = CT

ab. A physical vector v−→ can be resolved in

either Fa or Fb as va or vb, and the relation between the two

is vb = Cbava or va = Cabvb.

A VTOL UAV in forward-flight is modelled as a rigid body

with aerodynamic, gravitational and propulsion forces acting

on it. Denoting point z as the centre of mass of the body, the

equations of motion are

mBv̇
zw/a
a = CT

bafBz
b , JBz

b ω̇ba
b + ωba×

b JBz
b ωba

b = mBz
b ,

where mB is the mass of the aircraft, JBz
b is the second

moment of mass of the aircraft resolved in Fb, ωba
b is the

angular velocity of Fb relative to Fa, resolved in Fb. The

cross operator (·)× is a mapping from R
3 to so(3) such

that a×b = −b×a, ∀a, b ∈ R
3. In addition, fBz

b and mBz
b

represent the forces and moments acting on the body, resolved

in Fb. The forces acting on the aircraft are fBz
b = f

p
b + fab +

Cbafga, where fga =
[

0 0 mBg
]T

is the gravitational force

resolved Fa and g = 9.81m/s2, f
p
b =

[

T 0 0
]T

represents

propulsion forces, where T is a thrust force, and fab represents

aerodynamic forces acting on the UAV. The moments acting

on the aircraft are aerodynamic moments due to both fixed

and movable aerodynamics surfaces, denoted ma
b , and thus

mBz
b = ma

b .

The equations of motion are completed by the translational

and rotational kinematics, respectively given by ṙ
zw
a = v

zw/a
a

and Ċab = Cabω
ba×

b , where rzwa is the position of the UAV.

III. AERODYNAMIC MODELLING

To model the forces and moments generated by the aerody-

namic surfaces, a component breakdown approach is used [18],

[19]. In this approach, the aircraft is split up into segments,

and each segment produces a lift and a drag force at its

aerodynamic centre. The forces and the moments about point

z due to the applied forces are then summed.

Denote particle q to be a particle moving with the wind field

around the UAV. The velocity vector of the wind is given

by v−→
qw/a [20]. Denote the aerodynamic centre of the ı’th

segment as cı and the position of cı relative to z, resolved in

Fb, as rcızb . Define the segment frame as Fdı , that rotates with

the aerodynamic segment. The DCM that relates the attitude

of the segment frame to the attitude of the body frame is given

by Cdıb. If the particular surface that is being modelled is a

control surface, the DCM Cdıb is a function of the control

surface deflection denoted δı.

The velocity of the segment relative to the surrounding air

resolved in Fb is v
cıq/a
b = Cbav

zw/a
a +ωba×

b rcızb −Cbav
qw/a
a .

This velocity can then be resolved in the segment frame as

v
cıq/a
dı

= Cdıbv
cıq/a
b and can be used to calculate the segment

angle of attack, denoted αı, and the segment sideslip angle,

denoted βı, using

αı = atan2
(

v
cıq/a
dı,3

, v
cıq/a
dı,1

)

, βı = sin−1





v
cıq/a
dı,2

∥

∥

∥v
cıq/a
dı

∥

∥

∥



 .

The segment angle of attack and segment sideslip angle are

then used to define the segment stability frame and wind frame.

The DCM that relates the segment’s stability frame to the

segment frame is given by Csıdı = C2(−αı), where C2(·) is

the DCM describing the second principal rotation. The DCM

that relates the segment wind frame, Fwı , to the stability frame

is given by Cwısı = C3(βsı ).
By definition, lift and drag forces of each segment, denoted

f
−→

Lı and f
−→

Dı respectively, act along the axes of the wind

frame of that segment such that f
−→

Dı = −fDıwı−→
1 and f

−→
Lı =

−fLıwı−→
3 [21]. The aerodynamic forces of the ı’th segment

resolved in the wind frame are given by

f aı
wı

=
[

−fDı
wı

0 −fLı
wı

]T

,

where lift and drag forces are given by a flat plate model as

fLı
w =

1

2
ρair

∥

∥

∥vcıq/a
a

∥

∥

∥

2

SıCL(αı),

fDı
w =

1

2
ρair

∥

∥

∥vcıq/a
a

∥

∥

∥

2

SıCD(αı),

where ρair is the density of air and is assumed to be constant,

Sı is the surface area of the ı’th surface, and lift and drag

coefficientsCL and CD are modelled as a function of the angle
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of attack. The aerodynamic forces are then resolved back in

Fb though

f aı

b = CT

dıbCT

sıdı
CT

wısıf
aı
w .

The aerodynamic moments generated by each segment are

then summed up using

ma
b =

n
∑

ı=1

rcız
×

b f aı

b .

It follows that the moments, ma
b , are a nonlinear function

of the aircraft states, the wind velocity, and control surface

deflections δ =
[

δ1 δ2 . . . δn
]T

, where n is the total

number of control surfaces, such that

ma
b = f

(

Cba,ω
ba
b , v

zw/a
a , vqw/a

a , δ
)

. (1)

IV. CONTROL OBJECTIVES AND OVERALL

ARCHITECTURE

The objective at hand is to control a VTOL UAV operating

in forward-flight with an arbitrary amount of control surfaces

along a path at a given velocity. The problem is split into the

following stages, all shown in Figure 1.

1) State Estimation: The UAV navigation states, along with

sensor biases and wind velocity, are estimated using an

“Imperfect” IEKF. The estimated states are then used

within the controller and control allocator.

2) Guidance: The guidance stage determines how to orient

the UAV so that its position converges to the path.

Denoting the desired reference frame of the UAV by Fr,

the guidance law outputs the DCM Cra.

3) Attitude Control: An attitude controller ensures con-

vergence of the aircraft attitude to the desired aircraft

attitude Cra, while also ensuring that balanced flight with

zero sideslip is achieved. The attitude controller outputs

control moments mr
b to track Cra.

4) Speed Control: A speed controller generates a required

thrust force to ensure that the magnitude of the aircraft

velocity converges to a desired aircraft velocity.

5) Control Allocation: A control allocator determines how

to generate the required control moment output by the

attitude controller using onboard actuators.

Guidance
Attitude
Controller

mr

b

Aerodynamics

Speed T

||v
zrw/a
a ||

Cra

ma
b fabĈba, ω̂

ba
b , v̂

zw/a
a

r̂zwa

Path

||v̂
zw/a
a ||

EOMs
Control δ

Allocator

Controller

IEKF-Wind

yk
X̂

X

Fig. 1. Overall control architecture.

Note that the proposed navigation, guidance, and attitude

control solutions are directly applicable to a wide class of

VTOL UAVs in forward-flight conditions. The specific form

of the control allocator is platform dependant and depends on

the configuration of the onboard actuators.

V. “IMPERFECT” IEKF-WIND ESTIMATOR

A general matrix Lie group is composed of invertible n × n
matrices with k degrees of freedom closed under matrix

multiplication [22]. The aircraft navigation states, namely the

aircraft attitude, velocity, and position can be cast into an

element of the matrix Lie group of double direct isometries,

SE2(3) [23]. However, sensor biases and wind velocity are

not elements of any traditional matrix Lie group. It is still

possible to use an invariant filter framework in this case by

deriving an “Imperfect” IEKF, as done in [9] and [24]. In the

“Imperfect” IEKF, the formulation of the problem leads to

multiplicative error terms for states defined on a matrix Lie

group and additive error terms for states defined on a linear

vector space.

A. Process Model

Consider biased, noisy rate-gyro measurements given by u1
b =

ωba
b − β1

b − w1
b , where w1

b ∼ N (0,Q1) and β1
b is the

bias. Bias is modelled as a random walk, β̇1
b = w3

b , where

w3
b ∼ N (0,Q4).

Consider biased, noisy accelerometer accelerometer measure-

ments given by u2
b = fb − β2

b − w2
b , where w2

b ∼ N (0,Q2)
and fb is the specific force vector resolved in the body frame.

In addition, the accelerometer bias β2
b is also modelled as a

random walk and thus β̇2
b = w4

b , where w4
b ∼ N (0,Q5).

The acceleration can then be expressed as

v̇
zw/a
a = Cab(u

2
b + β2

b + w2
b) +

fga
mB

.

The velocity of a wind particle q, resolved in the inertial

frame, is denoted v
qw/a
a . The wind is modelled as a random

walk process with v̇
qw/a
a = w1

a, where w1
a ∼ N (0,Q3). Thus,

the continuous-time kinematic process model Ẋ = F(X, u,w),
where X is an element of a matrix Lie group, is given by

Ċab = Cab(u
1
b + β1

b + w1
b)

×, (2)

ṙzwa = vzw/a
a , (3)

v̇zw/a
a = Cab(u

2
b + β2

b + w2
b) +

fga
mB

, (4)

β̇1
b = w3

b , β̇2
b = w4

b , v̇qw/a
a = w1

a. (5)

Note that (2) to (5) together constitute the continuous-time

process model. The aircraft navigation states can be cast into

an element of the matrix Lie group of double direct isometries,

SE2(3). Denoting the matrix Y as an element of SE2(3), the

states Cab, v
zw/a
a , and rzwa can be placed into an element of

SE2(3) as

Y =





Cab v
zw/a
a rzwa
1

1



 ∈ SE2(3),

where non-essential zero entries are omitted.

Similar to [24], the entire state including biases and wind

velocity can be placed into an element of a new matrix Lie
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group G. An element of G is written as

X =













Y 0

1 v
qw/a
a β1

b β2
b

1
1

1













∈ G.

The inverse of an element of G is then defined such that

XX−1 = 1, where 1 is the identity element. Let g be the

matrix Lie algebra of G. The matrix Lie algebra g is the tangent

space of G at the identity element. The operator (·)∨ : g → R
k

maps the matrix Lie algebra to a k-dimention column matrix

and the inverse map is defined (·)∧ : Rk → g. The column

matrix ξ ∈ R
18 is mapped to g using

ξ∧ =









ξY

ξw

ξβ
1

ξβ
2









∧

=





ξY
∧

0

0 ξw ξβ
1

ξβ
2

0



 ∈ g,

where ξY =
[

ξφ
T

ξv
T

ξr
T

]T

. The mapping between the

matrix Lie algebra and the matrix Lie group is the exponential

map, defined by the matrix exponential, exp(·) : g → G. The

exponential map from g to G is given by

exp(ξ∧) =















expSE2(3)

(

ξY
∧
)

0

1 ξw ξβ
1

ξβ
2

1
1

1















∈ G.

B. Measurement Model

The available measurements are assumed to be discrete GPS

position and velocity measurements, written y1
ak

and y2
ak

respectively, as well as discrete pitot tube measurements and

magnetometer measurements. The GPS measurements can be

written as a function of the navigation states contained within

Y to yield a left-invariant measurement model of the form
















y1
ak

0
1

y2
ak

0
1

















=













Yk

[

0

1

]

+

[

v1
ak

0

]

Yk





0

1
0



+

[

v2
ak

0

]













,

where v1
ak

∼ N (0,R1) and v2
ak

∼ N (0,R2). The GPS

measurement models are left-invariant as they are in the form

yL
k = Xkbk + vk where Xk is an element of a matrix Lie

group, bk is some known vector and vk is white, Gaussian

noise.

The pitot tube measures the component of v−→
zq/a along

the b−→
1 axis. Thus, the measurement model for pitot tube

measurements is given by

ybk = 1T

1 CT

abk

(

vzkw/a
a − vqkw/a

a

)

+ v1bk , (6)

where 1T

1 is the first column of the identity matrix and v1bk ∼
N (0, R3). Note that (6) is neither left- nor right-invariant.

The right-invariant measurement model for the magnetometer

is written

y2
bk

= CT

abk
ma + v2

bk
,

where ma is the magnetic field vector resolved in Fa and

v2
bk

∼ N (0,R4). The magnetometer measurement model is

said to be right-invariant since it is of the form yR
k = X−1

k bk+
vk, where, similarly to the left-invariant measurement model,

Xk is an element of a matrix Lie group, bk is a known vector,

and vk is Gaussian, white noise.

C. IEKF Equations

To derive the invariant filter, a left-invariant error definition

will be used, written δX = X−1X̂. This left-invariant error

will be used when computing the Jacobians associated with

the linearized process model and the innovation. This error is

said to be left-invariant because the error is invariant to left

multiplication by an element of G [25]. The left-invariant error

is used because there are two left-invariant measurements,

the GPS position and velocity measurements, while there is

one right-invariant measurement, the magnetometer, and one

neither left- nor right-invariant measurement, the pitot tube.

For the group G, the left-invariant error δX can be expanded

as

δX =













Y−1Ŷ 0

1 v̂
qw/a
a − v

qw/a
a β̂1

b − β1
b β̂2

b − β2
b

1
1

1













.

The subblocks of δX allow for the definition of the state errors

δY = Y−1Ŷ, δvqw/a
a = v̂

qw/a
a − vqw/a

a ,

δβ1
b = β̂1

b − β1
b , δβ2

b = β̂2
b − β2

b .

Expanding the left-invariant error for the aircraft navigation

states on SE2(3), δY = Y−1Ŷ, yields

δC = CT

abĈab, δv = CT

ab

(

v̂zw/a
a − vzw/a

a

)

,

δr = CT

ab (r̂
zw
a − rzwa ) .

These error definitions, which are different than those used in

[8], are used to linearize the process model and innovation.

Linearizing the process model gives

δξ̇ = Aδξ + Lδw,

where the A and L matrices are given by

A =













(−u1
b − β̂

1

b)
× 0 1

−
(

u2
b + β̂

2

b

)

×

−
(

u1
b + β̂

1

b

)

×

1

1 −
(

u1
b + β̂

1

b

)

×

0

0

0













,

L = −1.

Note that due to the way the errors have been defined in the

invariant framework, the process model Jacobians only depend

on u1
b and u2

b and the bias estimates. These Jacobians are less
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dependant on the state estimate than the ones derived with the

MEKF in [8], and this is the advantage of the “Imperfect”

IEKF over the MEKF, as poor state estimates can lead to

inaccurate Jacobians. The Jacobians derived using the invariant

framework make the “Imperfect” IEKF less suceptible to

initialization errors and leads to better performance in the

transient compared to the MEKF [12]. The linearized process

model is then discretized using any appropriate method. The

state and covariance prediction steps are then

X̌k = Fk−1(X̂k−1, uk−1),

P̌k = Ak−1P̂k−1AT

k−1 + Lk−1Qk−1LT

k−1,

where Fk−1 is the discrete-time process model. In forthcoming

simulations, a forward-Euler discretization scheme is used to

discretize the continuous-time process model given by (2) to

(5). The state correction is then given by

X̂k = X̌kexp (−(Kkzk)
∧) ,

where zk is the innovation and the Kalman gain Kk is

computed using Kk = P̌kHT

k

(

HkP̌kHT

k + MkRkMT

k

)−1
. The

covariance is updated using

P̂k = (1 − KkHk) P̌k (1 − KkHk)
T
+ KkMkRkMT

kKT

k .

The linearized innovation Jacobians, with respect to the states

and measurement noise, are given by

Hk =





0 0 −1 0 0 0

0 −1 0 0 0 0

−1T1
(

(ČT

abk
v̌
zkw/a
a )× − (ČT

abk
v̌
qkw/a
a )×

)

−1T1 0 1T1 ČT

ab 0 0

−

(

ČT

abk
ma

)

×

0 0 0 0 0





Mk = diag
(

ČT

ab, Č
T

ab, 1, 1
)

.

VI. CONTROL ALLOCATOR

The purpose of the control allocator is to determine the

required control surface deflections to generate a desired mo-

ment mr
b. The problem can be transformed into a linear prob-

lem by linearizing (1) about small control surface deflections.

Denote B̂ as the Jacobian of (1) with respect to δ evaluated

at the estimate of the aircraft states Ĉba, ω̂ba
b , v̂

zw/a
a and

v̂
qw/a
b . The control allocation problem then involves finding

the control surface deflections such that mr
b = B̂δ. Uncon-

strained allocation techniques involve generalized pseudoin-

verses, while constrained techniques such as the direct control

allocation are detailed in [26]. In this paper, pseudoinverse

methods are used to calculate the control surface deflections

using δ = B̂
†
mr

b, where (·)† denotes the pseudoinverse. Note

that because the Jacobian B̂ is evaluated at the best estimate

of the aircraft states, ma
b will not be exactly equal to mr

b, but

only approximately so.

VII. ATTITUDE CONTROLLER

The goal of the attitude controller is to yield convergence

of the aircraft attitude to some reference attitude, while

ensuring that balanced flight is achieved, meaning that the

second component of the airspeed resolved in Fb must be

zero (i.e., v
zq/a
b,2 = 0). The reference DCM, Cra, can be

constructed using a 3-2-1 Euler angle sequence as Cra =

C1(φr)C2(θr)C3(ψr), where φr, θr, and ψr are reference roll,

pitch and yaw angles. Given a desired roll angle trajectory φr,
the corresponding desired yaw angle rate ψ̇r trajectory can be

determined from the coordinated turn equation for fixed-wing

aircraft given by [27]

ψ̇r =
g

∥

∥

∥v̂
zq/a
a

∥

∥

∥

tanφr.

Note that the estimated airspeed is also used in the attitude

controller to ensure balanced flight. The desired Euler angle

rates, Θ̇r =
[

φ̇r θ̇r ψ̇r

]T

, can be used to compute a desired

angular velocity using the mapping between Euler angle rates

and angular velocity given by [16]

ωra
r =

[

11 C1(φr)12 C1(φr)C2(θr)13

]

Θ̇r.

The angular velocity error resolved in Fb is then written as

eωb = ωba
b − Cbrω

ra
r . Consider the attitude error DCM given

by Cbr = CbaCT

ra. A measure of attitude error is chosen as

φe = 1
2

(

Cbr − CT

br

)∨
. The attitude controller given by [13]

mr
b = Kφφe − Kωeωb + Ki,1

∫ t

0

(

Ki,2φe − eωb
)

dτ, (7)

is then used to generate control torques to control the ori-

entation of the UAV, where Kφ, Kω , Ki,1, and Ki,2 are

symmetric positive definite gain matrices. The article [13]

provides insight on the selection of gains for stability purposes.

Note that the control law of (7) uses the DCM directly, rather

than using a parametrization of the attitude such as Euler

angles or quaternions. Doing so avoids the deficiencies of

attitude parametrizations, such as not being a unique or global

representation of attitude [14].

In this method of attitude control, a separate sideslip controller,

as done in [27], is not needed since the desired reference

frame and angular velocity have been chosen to satisfy the

coordinated turn equation. The coordinated turn equation is

used in [15] in a similar way. However, [15] assumes that

the true airspeed is known and available, which is not the

case in practice. Moreover, [15] uses a different guidance and

control interconnection, as well as a quaternion representation

of attitude, unlike the proposed controller.

VIII. NUMERICAL EXAMPLE AND SIMULATION RESULTS

The VTOL tailsitter-type UAV considered for the numerical

example has one primary airfoil to provide lift, and four

control surfaces arranged in a double inverted V-Tail type

configuration, as shown in Figure 2.

Fb
b
−→

1

b
−→

2

b
−→

3

c2

c5

c3

c4

c1
z

Fig. 2. Sample aircraft with unconventional control surfaces.
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The aerodynamic centre of the primary airfoil is denoted

c1, and the aerodynamic centres of the control surfaces are

denoted cı, ı = 2, 3, 4, 5. The control surfaces are rotated

about the b−→
1 axis by an angle of ±Γ. Denote this frame

by Fc. Each control surface can then rotate about the c−→
2

axis by an angle of δı, such that for each control surface, the

DCM relating the segment frame to the body frame is given

by Cdıb = CdıcıCcıb = C2(δı)C3(Γı).

The distances between the aerodynamic centres of the control

surfaces and the point z are set as

rc2zb =
[

−ℓ1 ℓ2 −ℓ3
]T

, rc3zb =
[

−ℓ1 ℓ2 ℓ3
]T

,

rc4zb =
[

−ℓ1 −ℓ2 ℓ3
]T

, rc5zb =
[

−ℓ1 −ℓ2 −ℓ3
]T

.

In simulation, a lateral guidance law is also used for path

following. The popular guidance law presented in [28] is

employed and is briefly explained as follows. A point on the

reference path at a distance L1 from point z is denoted t. The

angle between the velocity vector and line connecting z to t
is denoted η. The guidance law generates lateral acceleration

command given by

arb,2 = 2

∥

∥

∥v
zw/a
b

∥

∥

∥

2

L1
sin(η). (8)

To achieve this lateral acceleration command, a desired roll

angle can be commanded though the relation φr =
ar
b,2

g . In

simulation, the desired horizontal path was set as a circle

centred at
[

50 50
]T

m with a radius of 250m. Though not

detailed in this paper, the proportional-integral speed controller

from [29] is also used to control the magnitude of the aircraft

inertial velocity. Note that the control allocation problem for

the thrusters is not considered in this paper and it is assumed

that a collective thrust controls the magnitude of the aircraft

inertial velocity. In addition, a separate control allocation

problem to determine the required motor velocities to generate

a desired moment while the aircraft is near hover conditions

is beyond the scope of this paper. A constant desired pitch

of θr = 2◦ is commanded. In addition, there are several

methods that exist for tuning the attitude controller gains, such

as classical controller design techniques based on a linearized

model of the nonlinear system, as discussed in [27]. However,

in this case, hand-tuning was performed in simulation.

To demonstrate the effectiveness of using the wind velocity

estimates directly in the attitude controller and control allo-

cator, two simulations are performed. In the first simulation,

the wind estimates are used in both the attitude controller

and the control allocator. In the second simulation, no wind

estimate is used. For both simulations, the initial aircraft

position and velocity were set to rz0wa =
[

0 0 0
]T

m

and v
z0w/a
a =

[

30 0 0
]T

m/s respectively. The initial

angular velocity and rotation vector were set to ωb0a
b =

[

0 0 0
]T

rad/s and φ0 =
[

0 0 0
]T

rad respectively.

The initial wind speed is set to v
q0w/a
a =

[

7 5 0.5
]T

m/s,
representing a wind speed of roughly 25 percent of the

commanded UAV ground speed, which is realistic for small

scale UAVs. The initial rate-gyro and accelerometer biases

are set to β10
b =

[

0.05 0.1 0.05
]T

rad/s and β20
b =

[

0.05 0.05 0.05
]T

m/s2 respectively. In the initialization of

the filter, the initial state estimate is randomly selected such

that δX = exp (δξ∧0 ), where δξ0 ∼ N (0,P0), where P0 is

selected as diag

(

1σξφ

0 , 1σξv

0 , 1σξr

0 , 1σ
ξw

0 , 1σξβ1

0 , 1σξβ2

0

)

. The

values selected for the initial uncertainties are given as σξφ

0 =

10−2 rad, σξv

0 = 10−2 m/s, σξr

0 = 10−5 m, σξw

0 = 1 m/s,

σξβ1

0 = 0.05 rad/s, σξβ2

0 = 0.05 m/s2. The prediction step

in the filter is performed at 1 kHz while the correction step

is performed at 10 Hz. A medium-noise scenario is tested in

these two simulations and the noise parameters are shown in

Table I with γ = 5, where σQı

k , ı = 1, 2, . . . , 5 represents

the standard deviations associated with the process model

noise and σRı

k , ı = 1, 2, 3, 4 represents the standard deviations

associated with the measurement model noise. A partial list

of other simulations parameters is presented in Table II. To

TABLE I
NOISE STANDARD DEVIATIONS

Noise Intensity

σ
Q1
k

(rad/s) γ · 10−3

σ
Q2
k

(m/s2) γ · 3 · 10−3

σ
Q3
k

(m/s) γ · 0.1

σ
Q4
k

(rad/s) γ · 0.005

σ
Q5
k

(m/s2) γ · 0.005

σ
R1
k

(m) γ · 0.25

σ
R2
k

(m/s) γ · 0.1

σ
R3
k

(m/s) γ · 0.05

σ
R4
k

(mG) γ · 10−3

evaluate the performance of the attitude controller, a measure

of attitude error is selected as Φ = 1
2 tr

(

1 − ĈbaCT

ra

)

[30].

In addition, to evaluate the performance of the outer loop

guidance law given by (8), the cross-track error denoted ep

is also plotted. The cross-track error is the lateral distance

between the aircraft and the closest point on the path at a

given time, resolved in the Frenet-Serret frame defined by the

path at that point [29].

Figure 3 shows the error in estimated wind velocity, the control

surface deflections, the attitude error Φ, the sideslip angle,

and the cross-track error when wind estimates are used in the

controller and control allocator, and Figure 4 shows the same

variables when no wind estimate is used.
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0 10 20 30 40 50 60 70 80
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0 10 20 30 40 50 60 70 80

0

0.5

1

0 10 20 30 40 50 60 70 80

-20

-10

0

0 10 20 30 40 50 60 70 80

-100

0

100

200

Fig. 3. Simulation 1, wind estimates used in controller.
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Fig. 4. Simulation 2, wind estimates not used in controller.

The spike in the attitude error function Φ in Figure 3 at

approximately 8 seconds is due to a rapid change in the

desired lateral acceleration command output by the guidance

law, leading to a change in the reference roll angle and the

reference DCM Cra.

It is seen that when the wind velocity estimate is not used in

the controller, the attitude cannot be regulated to the desired

attitude, and thus the sideslip angle is not regulated and

performance in the outer loop degrades. When the estimated

wind velocity is used in the controller, the attitude error and

sideslip are both regulated, and the UAV converges to the

circular path.

To test the robustness of the controller and estimator to

various filter initializations, noise intensity levels, and state

trajectories, Monte-Carlo simulations were performed with the

wind velocity estimate being used directly in the controller

and control allocator. To test the robustness of the filter to

initialization error, at each trial, the initial estimate was chosen

randomly such that δX0 = exp (δξ∧0 ), where δξ0 ∼ N (0,P0),
where P0 is selected as in the previous simulations. In addition,

to test the robustness of the filter to various state trajectories,

as well as the robustness of the control scheme, the initial

attitude of the aircraft is set to Cb0a = C3(ψ0), where ψ0 is a

random initial heading angle of the aircraft with ψ0 ∼ N (0, π)
for each trial. The initial velocity for each trial is then set

to v
z0w/a
a = CT

b0a

[

30 0 0
]T

m/s. Three noise levels were

tested corresponding to low, medium, and high sensor noise

levels and noise levels on the wind and bias random walks.

The standard deviations on the process and measurement

model noise for each of the three noise trials are shown in

Table I. 50 Monte-Carlo simulations were performed at each

γ = 1, 5, 10, to simulate low, medium and high sensor noise

levels, respectively. For each noise level, the mean RMSE of

the estimation errors ‖δφ‖, ‖δv‖, ‖δr‖, and

∥

∥

∥δv
qw/a
a

∥

∥

∥ are

taken over all Monte-Carlo trials and the results as well as the

2σ bounds are plotted in Figure 5. To ensure that 50 Monte-

Carlo simulations at each noise level accurately captures the

performance of the system, the statistics of 50 trials were

compared to the statistics of 40 trials, and marginal difference

between mean RMSEs of the errors and standard deviations

were observed.

Fig. 5. Monte-Carlo results for the estimation error.

To evaluate the performance of the guidance law and attitude

controller for various levels of process and measurement

model noise, filter initializations, and initial heading angles,

the mean RMSE of the cross-track error after convergence to

the path and the mean RMSE of the attitude error function

as well as the 2σ bounds are shown in Figure 6. Note that

convergence to the path has been defined as the point at which

the cross-track error is below 10m and never becomes higher

than 10m again.

Fig. 6. Monte-Carlo results for position and attitude tracking errors.

The position of the UAV in the x-y plane for seven runs of

the Monte-Carlo simulations with γ = 5 is shown in Figure 7.

The dotted red line represents the desired circular path to be

followed by the UAV and each colored line represents the path

taken in one simulation. Note that all seven runs converge to

the desired path.

-200 0 200 400

-200

-100

0

100

200

300

Fig. 7. UAV position in the x-y plane for seven sample Monte-Carlo
simulations, γ = 5.



8 IEEE ROBOTICS AND AUTOMATION LETTERS. PREPRINT VERSION. ACCEPTED JANUARY, 2020

When the wind velocity estimate is not used in the control,

the UAV does not converge to the path regardless of the

filter initialization error, noise intensities and state trajectories.

Thus, Monte-Carlo analysis is not shown for the case that the

wind estimate is not used directly in the control.

Several other aircraft configurations were tested in simulation,

and it was observed that some configurations of control

surfaces lead to a control allocation scheme that is much less

robust to error in state and wind estimates than others. Thus,

the presented control and estimation strategies can be used to

ensure that the proposed geometries of VTOL UAVs lead to

control that is still robust to error in state estimates.

TABLE II
PARAMETER LIST

Parameter Value Units

mB 8.26 kg

JBz
b diag(1.42, 0.82, 1.75) kg m2

L1 120 m

ℓ1, ℓ2, ℓ3 0.5, 0.25, 0.4 m

Kφ diag(100, 100, 100) Nm−1

Kω diag(50, 50, 50) Nms

Ki,1 diag(10, 10, 15) Nms−1

Ki,2 diag(1, 2, 5) Nm−1

Γ 35 deg

IX. CONCLUSIONS AND FUTURE WORK

The estimation and control problems for a class of uncon-

ventional VTOL UAVs operating in forward-flight conditions

were presented in this paper. A tightly-coupled estimation

approach is employed to estimate the aircraft navigation states

as well as the wind velocity. The estimation solution is done

in an IEKF framework, which offers advantages compared

to the more common MEKF. The wind velocity estimate is

then used to improve the performance of an SO(3)-based

attitude controller and a control allocator. There are various

avenues to explore in the future. For example, given that a mix

of sensors are used, comparing the performance of the left-

invariant “Imperfect” IEKF to a right-invariant one, as well as

to a left- and right-invariant sigma point Kalman filter, would

be interesting. To more accurately account for nonlinear post-

stall aerodynamics and prop-wash, higher-fidelity modeling

may be of interest. The development of guidance strategies

that directly use the wind velocity estimates can also be

investigated.
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